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SPECTRUM OF PARTIAL INTEGRAL OPERATORS WITH 
DEGENERATE KERNEL 

ESHKABILOV YU.KH., ARZIKULOV G.P., AND HAYDAROV F.H. 


Abstract. In the paper we consider self-adjoint partial integral operators 
of Fredholm type T with a degenerate kernel on the space L 2 ([n, 6] x [c,d]). 
Essential and discrete spectra of T are described. 


1. Introduction 

Linear equations and operators involving partial integrals appear in elasticity 
theory [mia, continuum mechanics miiisiii], aerodynamics [7] and in PDE the¬ 
ory BE- Self-adjoint partial integral operators arise in the theory of Schrddinger 
operators [B HU mis]. Spectrum of a discrete Schrddinger operator H are tightly 
connected (see [T31II1]) with that of partial integral operators which participate in 
the presentation of the operator H. 

Let fli and be closed boundary subsets in and , respectively. Partial 
integral operator (PIO) of Fredholm type in the space Lp{^li x 02 ), p > 1 is an 
operator of the form m- 

( 1 ) T = To + Ti+T2 + K, 

where operators Tq, Ti, T 2 and K are defined by the following formulas: 

Tof{x,y) = ko{x,y)f{x,y), 

Tifix,y)= ki{x,s,y)f{s,y)ds, 

Jcii 

T 2 f{x,y)=[ k 2 {x,t,y)f{x,t)dt, 

J O 2 

Kf{x,y)=[ ( k{x,y;s,t)f{s,t)dsdt. 

JJ 1^2 

Here fcoi ^ii ^2 and k are given measurable functions on 111 XO 2 , fli x H 2 and 

(rii X fl 2 )‘^, respectively, and all integrals have to be understood in the Lebesgue 
sense, where ds = dyLi{s),dt = dy, 2 (t), ytk{') is the Lebesgue measure on the cr- 
algebra of subsets fife, k = 1,2. 

In 1975, Likhtarnikov and Vitova m spectral properties of partial integral op¬ 
erators are studied . In m, the following restrictions were imposed: ki{x,s) € 
L 2 {ni X Hi), k 2 iy,t) G L 2 (f ^2 X ^ 2 ) and Tq = ^ = 0. In [HI, spectral proper¬ 
ties of PIO with positive kernels were studied (under restriction Tq = K = 0). In 
Kalitvin and Zabrejko [Hj spectral properties of PIO with kernels of two variables 
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in Lp,p> 1 are studied. In [HI |20l |2T1 [22l [23] for the more general equations with 
continuous kernels or kernels in C{Li) spectral properties of the PIO and solvability 
of partial integral equations in the space C{[a,b] x [c, d]) were studied. 

Self-adjoint PIO with Tq 7 ^ 0 were first studied in [10], where theorem above 
essential spectrum is proved. Finiteness and infiniteness of a discrete spectrum of 
self-adjoint PIO, arising in the theory of Schrodinger operators, are investigated 
in [mini Hi]- In |24] applications of partial integral equations and operators to 
problems of continuous mechanics, elasticity problems and other problems were 
considered. Still, some important spectral properties of PIO in the space L 2 are 
left open. The present paper is dedicated to the mentioned problem for PIO with 
degenerate kernels from the class L 2 . 

Let Ti be a linear integral operator in the space L 2 ([a, 6] x [c, d]) given by the 
formula 

fb 

( 2 ) 


(Tif){x,y)= f k{x,s,y)f{s,y)ds. 

J a 


Here k{x, s, y) is a measurable function on [a, b]'^ x [c, dj. 

The kernel k{x, s, y) of the integral operator Ti usually satisfies the condition 

[ k{x,s,y)f{s,y)ds e L 2 {[a,b]x [c,d]), V/£ L 2 ([a, 6] x [c, d]). 

J a 

Consequently, the operator Ti is a linear bounded operator on L 2 {[a,b] x [c, d]). If, 
in addition, the kernel k{x, s, y) satisfies the condition: 


k{x^ s, y) = fc(s, X, y), for almost all y £ [c, d], 

then the operator Ti is a self-adjoint operator on the Hilbert space L 2 {[a, 6] x [c, dj). 

Let be a orthonormal system of functions from the L 2 [a, 5], and let 

{hk{y)}k=i be a system of essential bounded real functions on [c, dj. 

We define a measurable function /ci(x, s, y) on [a, b]^ x [c, d] by the following rule: 


( 3 ) 


ki(x,s,y) =^(pk{x)(pk{s)hk{y). 


k^l 


Then the PIO Ti with the kernel fci(x, s, y) is a self-adjoint bounded linear operator 
on L 2 {[a,b] x [c, dj). 

Let {'ipk{y)}k=Tm ^ some orthonormal system of functions from the L 2 [c, d], 
{Pfe(2;)}fc=Tni system of essential bounded real functions on [a, 6]. We dehne 
the measurable function k 2 {x,t,y) on [a, 6] x [c, d]^ by the following rule: 


(4) fc 2 (x, t, y) = ^ pj (x)V'j (y)V't it) ■ 

f=i 

Then the PIO T 2 with the kernel A: 2 (x, t, y) : 

T2f{x,y)=l' k2ix,t,y)f{x,t)dfi2it) 

J C 

is a linear bounded self-adjoint operator on L 2 ([a, b] x [c, dj). 

For an essential bounded function y; > 0 on the measurable set If C 
define 

esssupnip) = inf{C : y({^ £ fl : pi^) > C}) = 0}, 


we 
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where /i(-) is the Lebesgue measure on K.. For a measurable function tf on the set 
n C the number A G R is called an essential value of the function tp if 

G n : A — £ < < A + £}) > 0 

for all £ > 0. We denote by Essran{p) the set of all essential values of the function 

’f¬ 
lu this paper, we study essential and discrete spectra of PIO of the form Ti + T 2 
with the degenerate kernels. The resolvent set, spectrum, essential spectrum and 
discrete spectrum are denoted by p, a, a ess and a disc, respectively (see [25]). 

2. Spectral property of PIO Ti and T 2 

In this section, we study spectra of PIO Ti and T 2 . 

Proposition 2.1. Zero is an eigenvalue of Ti of infinite multiplicity. A number 
Xo ^ 0 is an eigenvalue of Ti if and only if there exists 1 < jo < R such that 

M2(^jo^({Ao})) > 0. 

We denote by M the subspace of a Hilbert space L 2 [a,b] constructed by the 
orthogonal system {(pi,..., (p„}. Then dimM = n, and for the subspace Ti, = 
L 2 [a, b] 0 M, we have dimH = 00 . 

Let {gk}keN be an orthonormal basis in H, and G L 2 [c, d], ||'0|| = 1. Then 
fk{x,y) = gk{x)i’{y) G L 2 ([a, 6] x [c, d]), fc G N, and the system {fkjken is or¬ 
thonormal in L 2 ([a, 6] x [c, d]). Clearly, 

n eb _ 

Tifk = '^ Pi{x)(p^{s)fk{s,y)dp.i{s) = 0, fc G N, 

i=i 

i.e. zero is an eigenvalue of PIO Ti of infinite multiplicity. 

“if” part. Let Aq G C\{0} be an eigenvalue of the PIO Ti. Then there exists 
/ G L 2 {[a,b] X [c,d]), ||/|| = I such that 

Tif = Xof. 

We define compact self-adjoint integral operators Ka, in L 2 [a,b] as follows: 

K^ip{x) = / ki{x,s,w)p{s)dyLi{s), w G Oq, 

J a 

where 

Ho = {w G [c,d] : Pu,{x,s) = ki{x,s,oj) G L 2 ([a, 6]^)}. 

We have /i 2 ([c, d] \ Ho) = 0. Put 

jWi = {w G Ho : fa,ix) = f{x,uj) G L 2 [a,h]}. 

Then H 2 {M.i) > 0. 

We define measurable subsets: 

= {w G [c, d] : hk{uj) = Aq}, k G {1,..., n}. 


TXq = [J 

fc=i 


Put 
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Let Lo & Ail. Then = Xofuj, i-e. the number Ao is an eigenvalue of operators 

Ki^, uj & Ail. We define by ■■■, the set of eigenvalues of the operator 

Ki^ which are different from zero. Then 

Ao G C 

i.e. there exists jo G {1, ...,n} such that hj^(u}) = Aq. 

Consequently, we have w G Vq. Thus, Aii C Vq. It means that /r 2 (T’o) > 0- 
Then there exists jo G {1, ...,n} such that 

M 2 ({w G [c,d] : hjg{u}) = Aq}) > 0. 

“only if” part. Let for a jo G {!,...,n} we have IX 2 ih~g^{{Xo})) > 0. Put V = 
/i“^({Ao}). We define the function xp G L 2 [c, d] in the following way: 

i’iy) = y ^ 

where xg{') is the characteristic function of a set G. Obviously, ||^/>|| = 1. Let 
f{x,y) = ipjg{x)'tp{y). Then / G L 2 ([a, 6] x [c, d]) and ||/|| = 1. On the other hand, 

" j-b _ 

Tif{x,y) = '^ipk{x) / (pk{s)hkiy)(Pjo{s)'ip{y)dfj,i{s) = (pj^(x)hj„(y)'ip{y) = Xof{x,y), 


i.e. the number Aq is an eigenvalue of Ti. 

We consider the following projectors Pk in the space L 2 {[a,b] x [c, d]) : 

Pkf{x,y)= (pk{x)ipkis)f{s,y)dfj,i{s), fcG {!,...,n}. 

J a 

Let P = Pi + ... + Pn and Pq = E — P, where E is the identical operator. Then 
projectors Pi and Pj {i ^ j) are orthogonal. 


n 

Proposition 2.2. //A 0 and Ag IJ Essran{hi.), then the operator Ti — XE is 

k=l 

invertible in L 2 {[a, b] x [c, d]), and the operator (Ti — XE)~^ is bounded in L 2 {[a, b] x 
[c, d]), moreover 


iTi-XE)-^f{x,y) 


-T 


hk{y) 
^ hk{y) - X 


Pkf{x,y) 


Proof. Let X ^ 0 and Ag IJ Essran{hk). We define the operator B\ on the 

k=l 

L 2 {[a,b] X [c, d]) by the formula: 


B\f{x,y) = '^2 _ ^ Pkfi^^y) - jPof{x,y). 

It is clear, 

(5) (Ti - XE)Bx = Bx (Ti - XE) = E. 

For all XGEssran{hk) U {0}, the operator 

Akf{x,y) = _ ^ Pkfix,y), / G L 2 i[a,b] x [c,d]) 
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is a bounded operator in L 2 {[a,b] x [c, d]). Then the operator B\ is a bounded 

{Oj 

iT-XE)-^=Bx. 


operator in L 2 {[a,b] x [c, d]). For each Ag{0} U I IJ Essran{hk) ) , (l5|) implies 

\fc=i 


Hence, we have 


1 / " 

y) = -- [ /(a;, y) 




hkjy) 
hk{y) - A 


Pkf{x,y) 


Theorem 2.3. For the spectra cr(Ti) of the PIO Ti with a degenerate kernel ([3|). 
the following formula holds: 


a-{Ti) = {0} U [J Essran{hk)j ■ 
Proof By proposition 12.21 we obtaine 

(7{Ti) C {0} U Essran{hk)^ ■ 
However, by proposition 12.II we have 0 S cr(Ti). Now we prove 

n 

1^ Essran(hk) C cr(Ti). 


k=l 


Let Ao £ Essran{hjg), Aq 7 ^ 0 and to be arbitrary point from the subset 


Put 


Vi = \ tG[c,d]: < |to - t| < - 1 , J G N. 

i + 1 IJ 


Then there exists ng G N such that ^ 2 (^ 1 ) > 0 for all i > Uq- We consider the 
following sequence of orthonormal functions Xp{y) ^ ^ 2 ( 0 , d] : 


Xp{y) 


1 

yfpfiVp)'’ 


y G Fp, 


0 , 2/GFp, 


where p > uq. We define by fp{x,y) G L 2 {[a,b] x [c, d]) the orthonormal system of 
functions: fp{x,y) = ipjg{x)xp{y), P > no- Then we have 

(Ti - \oE)fp{x,y) = {hj„{y) - Ao)/p(a;,y). 

Hence, 

II (Ti - XoE)fp\\ < \Jesssupvj, {hjo{y) - Xof, p > uq. 

Since zero is an essential value of the function hj^^fy) — Ag, then for large ni > ng, 
there exists a small number such that 

I ^jaiy) ~ Ag |< dm for almost all y €Vp, p> ni. 

Therefore 

II (Ti - AgF;)/p ||< p>ni, 
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i.e. lim || (Ti— Aoi?)/^ ||= 0. This and the Weyl criterion for an essential spectrum 

n—)-oo _ 

of self-adjoint operators [25] imply Aq G cress('Ti) C cr(T'i). 

Proposition 2.4. Any eigenvalue of the PIO Ti is of infinite multiplicity. 


Proof. Let A G R\{0} be an eigenvalue of Ti. Then there exists fo G L 2 {[a, b] x 
[c, dj), ll/oll = 1 such that Ti/o = A/q. We define the measurable subset AIq C [c, d] : 


no = ly G [c,d] : \fo{x,y)\'^dg.i{x) 0 


Obviously, ^ 2 (^^o) > 0. Define the function: 


foix,y) 


X G [a, &],?/ G Do 


fo{x,y) = 


sf fa l/o(s,y)Pci/ii(s) ’ 

0, X G [a, 6 ],?/GDo, 


Then /o^L 2 ([a, 6 ] x [c, dj), and fo 0. 

Let {V'felfc G N be a system of orthonormal functions from L 2 (Do). Consider the 
sequence of functions from L 2 ([a, 6 ] x [c, dj) : 


fk{x,y) = fo{x,y)'il;k{y), fc G N, 


where 


Then 


i’kiy) 


’<Pk{y), 2/ G Do 
0, yGDo. 


|/„(x,y)|^d/ii(x)d/r2(2/) 



2 

dM2(y) = 1, 


and 

ihJj) = [ My)'fpjiy)dy2{y) = 0 

Oq 

for i j. 

Clearly 

Tifk{x,y) = Xfk{x,y), fc G N, 

i.e. the number A is an eigenvalue of the PIO Ti of infinite multiplicity. 


Corollary 2.5. A discrete spectrum of the PIO Ti with a degenerate kernel @ is 
absent. 


Corollary 2.6. If every function hk, k G {1, ...,n} is continuous and strictly mono¬ 
tone on [c, d], then there is not an eigenvalue of the PIO Ti different from zero. 

Consider the following projectors Qj in the space L 2 ([a, 6 ] x [c, dj) : 

Qjfix,y)= f ifj{y)'tfj{t)f{xA)dy.2{t), jG m}. 
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Proposition 2.7. //A ^ 0 and Xg |J Essran{pj), then the operator T 2 — XE is 

invertible on L 2 {[a, b] x [c, d]), and the operator {T 2 — XE)~^ is bounded in L 2 {[a, b] x 
[c,d]), moreover 

(T 2 - XE)~'^ f{x,y) = -\ ( fix, y) - ^ . Qjfix, y) 

Theorem 2.8. For the spectrum cr(T 2 ) of the PIOT 2 with a degenerate kernel (P|) . 
the following formula is hold: 

Essran{pj) 


( m 

u 



3. Solvability of partial integral equations 
We consider the Fredholm partial integral equation (PIE) of the second kind 
(6) f{x,y)-T{Ti+T 2 )f{x,y) = g{x,y) 

in the Hilbert space L 2 i[a, b] x [c, d]), where / is an unknown function from L 2 i[a, h\ x 
[c,d]), g G L 2 i[a,b] x [c, d]) is a given function, and t G C is the parameter of the 
equation. 

The homogeneous PIE corresponding to ([HI) has the following form; 

fix, y) - r(Ti + T 2 )fix, y) = 0. 


In this section, we reduce to some necessary results for PIE of the second kind. 

Assume that r 7 ^ 0 and G p(Ti). Then the operator E — tTi is invertible 
in L 2 i[a, b] x [c, d]), and the operator (E — tTi)~^ is bounded on L 2 i[a, h\ x [c, d]), 
moreover, by proposition 12.21 we have 

{E - TTi)-^fix, y) = fix, y) + r ^ 1 vi' 

^^l-Thkiy) 

Analogously, if r 7 ^ 0 and G p(T 2 ), then the operator E — TT 2 is invertible 
in L 2 i[a, b] x [c, d]), and the operator (E — tT 2 )~^ is bounded on L 2 i[a, h\ x [c, d]), 
moreover, by proposition 12.71 

m , N 

(E - TT 2 )~^fix, y) = fix, y) + T ^ 1 ^ i -^ Qjfix, y)- 

7=1 ^ '''PAX) 

Let r 7 ^ 0 and G p(Ti) H p(T 2 )- We define compact operators IFi(t) and 
11 ^ 2 ( 7 ") by the following formulas: 

Wi(t) = iE- TT2)-^SiiT)T2, W2(t) = (E - tTi)-i^2(t)Ti, 


where 


s, (r)/(,T, !/) = g (A/)fe V). S3(r)/(x, „) = g 


iQif)ix,y)- 
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Lemma 3.1. Let t ^ 0 and t ^ £ p{Ti) n p{T 2 )- Then the following three homoge¬ 
nous Fredholm PIE of the second kind are equivalent: 


( 7 ) 

/ - r(Ti + T 2 )f = 0, 

( 8 ) 

/ - T^Wl{T)f = 0, 

(9) 

f-T^W2{T)f = 0. 


In [191120112111221123] lemmas similar to the lemma O for the case of general 
pie’s in C[[a,h\ x [c, d]) with continuous kernels or kernels in C{Li) were proved. 
The scheme for the proof of lemma [3T] can be seen from these works. 

Assume that r 0 and G p{Ti) fl p(T 2 )- We denote by Ai(t) and A 2 (t) the 
Fredholm determinants of the operators A—t^ITi(t) and A—t^IT 2 (t), respectively. 
Define in C the following subsets 



72i = 


£ C 

\{0}: 

T ^ £ 

p(Ti)r\p(T2) 

and 

Ai(r) 

0} , 


722 = 


£ C 

\{0}: 

T~^ G 

p(Ti)np(T2) 

and 

A2(t) 

7 ^ 0 } > 


Hi = 


£ C 

\{0}: 

£ 

p{Ti)np{T2) 

and 

Ai(t) 

= 0}, 


H 2 = 


£ C 

\{0}: 

£ 

p{Ti)np{T2) 

and 

A2(t) 

= 0}. 

It follows from lemma 

13.11 that 72i : 

= 722 and Hi = 

= H2. 

Put 





72 = 

= 72(r) 

= 72i 

and H = H(T) = 

Hi. 


Then we obtain 









(10) 

72U 

H = 

= 

£ C : T 

• £ C\ 

{0} and T-i 

£p(Ti)np(T2)} 

and 72 n H 

= 0. 










Lemma |3 .1 1 implies the following 

Theorem 3.2. Let r £ 72. U 21. Homogenous PIE ([7]) has a non-trivial solution if 
and only if t G T>. 

Theorem 3.3. Let t G TZ. Then the Fredholm PIE of the second kind 
(11) / - t(Ti + r2)/= 5 

has the unique solution fo G L 2 ([a, b] x [c, d]) for any g G L 2 ({a, b] x [c, d]). 

4. Spectrum of the PIO Ti + T2 

We put 

Ho = 21o(T) = e = ^, r£H(T)|. 


Lemma 4.1. For each A £ C \ {<j{Ti) U cr{T 2 ) UT>o{T)), the resolvent R\{T) of 
the PIO T = Ti -\-T 2 exists and is hounded on L 2 ([a, &] x [c, d]). 
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Proof. Let A e C \ (CT(ri) U a[T 2 ) U Vo{T)). Then A ^ 0, and A e p{Ti) n p{T 2 ). 
Then operators E — jTi and E — jT 2 are injective and 







= £ + 



However, from X€'Dq{T) and by (ITUl) . we obtain Ai (L) fz 0. Consequently, the 
operator E — -^Wi (■^) is injective. By the other hand, we have 

Ti + T 2 - at; = (Ti - \E){E + (Ti - \E)-^T2) = 


= (Ti - \E) 


E- 


eE-s, 


To 


= (Ti - AT) (e - jT2 




Ti ^ To = 


1 , 


= -A T - -Ti T - -T^ 


A 


Hence, 


1 , 


A^ 


E-^W, 


R^{T) = --[E--W, 


A2 


-1 


T--T2 


-1 


T--T, 


-1 


Boundedness of the operator R\{T) follows from the last equality. 

Corollary 4.2. For the resolvent operator Rx{T) of the PIO T = Ti + T 2 , the 
formula 


Rx{T) 


1 

A 






-1 


holds for each A G C \ (o’(Ti) U cr(T 2 ) U 'Dq{T)). 

Proposition 4.3. Zero is an eigenvalue of infinite multiplicity of the PIO T = 
T 1 +T 2 . 


Proof. Define by £ the subspace of a Hilbert space T 2 ([a, h\ x [c, d]) constructed 
by the orthogonal system j=Trn- Then dim£ = m x n and for 

subspace Ro = £ 2 ([a, b] x [c, d]) 0 £, we have dim'Ho = 00 . 

Let {fk}k^f>j be an orthonormal basis in Hq. It is obvious that 

Tifp{x,y) = X! / fk{s,y)dpi{s) = 0, p G N, 

i=i 


fn pd _ 

T 2 fp{x,y) = '^ / pj{x)ipj{y)fij{t)fk{x,t)dp. 2 {t) = 0, p G N. 

j=i 


i.e. 


(Ti+T2)/fc(x,p) = 0, k^n. 


Proposition 4.4. The inclusion a{Ti) U cr(T 2 ) C aess{Ti + T 2 ) holds. 
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Proof. We show that cr{Ti) C aess{Ti + T 2 ) (the inclusion a{T 2 ) C aess{Ti +T 2 ) 
can be proved analogously). We have 


cr(Ti) = {0} U ^1^ Essran{hi) j . 

By proposition 14.31 0 S cTessiTi + T 2 ). Assume that Aq G Essran{hig), Aq 0, 
where lo S {1, 2,..., n} and yo is arbitrary point of the set ({Ao}) • Put 




jy e [c,d] : 


1 

k + 1 


<\yo-y\<j. 


fc G N. 


Then there exists ko gN such that H 2 {Vk) > 0 for all k> ko, and lim ^2(14) = 0. 

n—^co 

Consider the sequence of orthonormal functions G L 2 [c,d] : 

= fcGN, k>ko. 

V fJ-2{Vk) 

Put 

fk{x,y) = ipio{x)^k{y), k>ko. 

Then the system of functions {fkix,y)}^.^i.^ of L 2 ([a, 6] x [c, d]) is an orthonormal 
system. 

Now we prove that lim ||(Ti+T 2 —Ao£')/fc|| = 0. However, lim ||(Ti —Ao£')/fe|| = 0 

k—^oo _ k—^00 

(see the proof of theorem 12.31) . We show that lim ||r 2 /fc|| = 0. 

k—¥oo 

We define operators Ai, i = 1, ...,to in the following way: 


Atf(x,y)= f pi{x)i}i{y)fji{t)f{x,t)dy 2 {t), f G L 2 {[a,b] x [c,d]). 

J C 

Then 


b d 


< J J ij \ Piix) I • I Mt) I ■ I My) I • I PioM I ■ I ^k{t) I dn2{t) 


2 


dyi{x)- 


■dMy) < M 


Mt) I ■^k{t)dy2{t) = 


C? 


/I2(f4) 


I dy2{t) < 


j \Mt) \'^ dy{t), iG n}, 

Vk 

where Ci = esssup[a,b] \ Pi{x) \ ■ Since Lebesgue integrals are absolute continuous, 
we obtain 

lim [ \ dp 2 {t) = 0 

*-*■00 Jvk 

at lim ^ 2 ( 14 ) = 0 and ||4i|| = 1- 

k—¥oc 

Thus, we get lim |1 Ai/fe|| = 0, * G {1,..., m}. 

k—¥cx) 

However, 

m 

\\T2fk\\<J2\Mfk\\, 

i=l 
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what follows lim |lT 2 /fc|| = 0. Hence, lim ||(Ti + T 2 — Ao-E)/fc|| =0. Finally, by 

k—¥oo k—^oc _ 

the Weyl criterion for an essential spectrum of self-adjoint operators [5S], Aq S 

<Tess(Ti +12)- 

Proposition 4.5. Each A G 'Dq{T) is an eigenvalue of finite multiplicity of the 
PIOT = Ti+T2. 

Proof. Let A G 'Dq{T). Then A ^ 0 and Ai (^) = 0, where Ai(t) is the Fred¬ 
holm determinant of the operator E — r^VFi(T). It means that the number 1 is an 
eigenvalue of the compact integral operator -^Wi (y) ■ By lemma [231 the number 
A is an eigenvalue of the PIO Ti +T 2 . Since the following integral equations 

/-i(Ti+T2)/ = 0 

and 

are equivalent, the number A is an eigenvalue of finite multiplicity of T 1 +T 2 because 
of every eigenvalue a ^ 0 of compact operators is of finite multiplicity. 

The next theorem follows from lemma Q] and propositions 14.4114.51 


Theorem 4.6. For the spectrum (t{T) of the PIO T = Ti + T 2 with a degenerate 
kernels, the following formula 


ct(Ti -I- T 2 ) = {0} U ( [J Essran{hi) j U 




/ m \ 

(J Essran{pj) 

Vi=i ) 


holds. 


UPo(T) 


5. Discrete spectrum of the PIO Ti + T 2 

Put G = C \ (cr(Ti) U cr(T 2 )). It is well-known that spectra of a linear bounded 
self-adjoint operators are compact set in the set of all real numbers. Consequently, 
the set cr(Ti) U o'{T 2 ) is a compact subset in K. Therefore the set G is an open 
subset in C and G is unbounded domain in C. 

For each A G G, we consider the kernel of the compact integral operator Wi (y) 
given as follows: 



Proposition 5.1. For the kernel JC{x,y; s,t\X) (X G G) of the Fredholm integral 
operator Wi (y) , the equality 

n m 

(12) ]C{x,y]s,t\X) = \ EE Fkj{x,y;X)Bkj{s,t), 

j=i k=i 


is valid, where 
(13) 

Fkj{x,y;X) = Lpj{x) 


1 X-hj{y) 


f hj(C) 

^ X-Pr{x) J X-hjiO 
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Bk,j{s,t) =pk{s)ipj{s) ■ '0fc(t). 


Proof. Let X £ G. Then A £ p(Ti) fl p{T 2 ), and we get 



= E+-S2 



However, 

(i)=(i) (!) (i) 

For each / £ L 2 {[a, b] x [c, d\), using representations of operators S'i(t) and <S' 2 (t), 
we obtain 


n 771 ^ ^ 

Si (^j^T2f{x,y) = J J Kkj {x, y, X)Bk,j (s, t)f{s, t)dpi {s)dp 2 {t), 


i=i a 


S 2 



b d 


T2f{x,y) = 

j=l k=l 


Gk,j {x, y\X)Bk,j (s, t)/(s, t)dpi {s)dp 2 (t), 


where 


Kkj{x,y;X) 


X(pj{x)ipk{y)hj{y) 

X-hj{y) 


Gk,j{x,y]X) 


'2 f 


X-hj{^) 


Hence, we obtain equality (HID for the kernel IC{x, y; s, 11 A) of the integral oper¬ 
ator VFi (i) . 

Set 


Fl = {1, 2,..., m}, r 2 = {1, 2,..., n} and r = rixr 2 . 


We can introduce the relation of partial order in the set F by the following way: 
for elements w = (fci,ji) G F and ui' = (^2,^2) £ F, we write lu < uj' ii ki < or 
ki = ^ 2 , ji < J 2 - As the set F is finite, the set F is linear complete ordered, i.e. for 
arbitrary oj^uj' £ F, we have uj < uj' oi to' < uj. Thus, we can give elements of F in 
the increase order: 

F = ; UJ2 ; ^m.{n—l) 7 7 


moreover 


UJI = (1,1) < a ;2 = (I 7 2) < ... <uJn = (I 7 n) < uon+i = (2,1) < ... < uj^-n = {m, n). 


Let A G G be fixed. For every uo = {k,j) £ F, we define the function F^{x,y] A) 
on [a, 6] X [c, d] by the following formula: 

Fuj{x,y\\) = Fkj{x,y,X). 

Consider the homogenous Fredholm integral equation 
(14) /(x, y) - -^Wi /(x, y) = 0, f £ L 2 ([a, b] x [c, d]). 
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Set 


b d 


j jF^.{x,y;X)f{x,y)d^i{x)d^i{y)=A^.{X), i G {1, m • n}. 

a c 

Then the homogenous equation p4p turns into the equation 

m-n 

fix, y) = tYI 2 /; 


2=1 


Let 


b d 


J jF^iix,y,X)B^^{x,y)dyi{x)dy, 2 {y) = Ui^i{X), i,l £ {1, ...,m ■ n}, 


where 

Buiix,y) = Bki,ji{x,y), uy = {ki,ji). 

Then we obtain a system of homogenous linear algebraic equations for unknown 
numbers A^.{X) : 


(15) = 0, i € n}. 


Lemma 5.2. Let X £ G. The homogenous integral equation d has a nontrivial 
solution if and only if A{X) — 0, where 


ni4(A) — A Hi 2 (A) 

Ill, m-n ('^) 

112,l(A) 112, 2 (A) — A 

II 2 , m-n ('^) 


A(A) = 




l(A) 




2(A) 


n 


m-n,m-n 


(A)-A 


Proof. Let X £ G. Then equivalence of the Fredholm integral equation of the 
second kind d and the system of linear algebraic homogeneous equations d 
is clear. The determinant A(A) of the system of equations dT5|) has the following 
form: 


A(A) = 


1 - 


ni,i(A) 


n2,i(A) 

A 


1 - 


ni.2(A) 

A 

n2,2(A) 


n™.„,i(A) n„.„,2(A) 

A A 


ni,m.n(A) 


n2,m.„(A) 

A 


1 - 


^(A) 


A(A) 



A(A). 


and 
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It is well-known, the system of linear homogeneous equations CSD has nontrivial 
solution if and only if A(A) = 0, i.e. A(A) = 0. However, we obtain that the 
homogeneous Fredholm equation (11411 has nontrivial solution if and only if A(A) = 0. 

Lemma 5.3. The function A(z) is holomorphic in the domain G. 


Proof. Let w S F. It is known, the function Flj(A) = Fi^{x,y, A) is holomorphic 
by A in the domain G for almost all (x, y) S [a, b] x [c, d], and for every A G G the 
integral 


b d 




u},uj' 


a c 


exists and is finite. Then for every oj = {i,l) £ F, the function is a holo¬ 

morphic function in G. Consequently, the function A( 2 :) is a sum of holomorphic 
functions (z), (z),i.e. A(z) is holomorphic in G. 


Remark 5.4. An analogue of Lemma \5.3\ can be proved for the general PIE. 


Theorem 5.5. The discrete spectrum of the PIO T = Ti -\- T 2 coincides with the 
set Vq{T). 

Proof. Lemmas 13.11 and 15.21 imply 

Po(r) = {AGG: A(A)=0}. 

By proposition 14.41 we have 

a{Ti) U cr(T2) C aess{Ti + T 2 ). 

By theorem 14.61 we obtain 

0'disc{T) C 'Dq{T). 

Let Ao G 'Dq{T) be arbitrary. Then by proposition 14.51 the number Aq is an 
eigenvalue of finite multiplicity of the operator Ti -|- T 2 . Since the function A(z) is 
holomorphic in the G, arbitrary point A form the 'Do{T) is isolate in 'Dq{T). Then 
the point Aq is isolate in the spectrum (j{Ti) U (j[T 2 ) U Vq{T) of the operator T 
since (cr(Ti) U (j{T 2 )) H Vq{T) = 0. Thus, by definition of a discrete spectrum, we 
obtain Aq G adisc{T), i.e. 'Do{T) C adisc{T). 

Theorems 14.61 and 15.51 implies 


Theorem 5.6. 


<^ess{Tl + T2) 


{0}u U Essran{hi) J U 




/ m \ 

Essran{pj) 

Vi=i / 


Example 5.7. Let hi{y) = Oi G M.\{0}, iG{l,...,n} andpj{x) = bj gR\{ 0}, j£ 
{I, ...^m} for the kernels ki{x, s,y) andk 2 {x,t,y) of PIO Ti andT 2 . 

Then by theorem 12.31 and 12.81 we obtain 

tT(Ti) = {0, ai,..., a„}, cr(T2) = {0, 61,..., bm}- 

By theorem 15.61 we have 

^ess (L'l 4“ ^ 2 ) — {Oj J 5 ■ ■ •; ■ 
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We obtain from (fT^ : 

Fk,jix,y;X) = _ ^^ ifij(x)^k(y), A G aess(Ti+T 2 ), 

and 

Bkj(s,t) = bk(pj{s) • V'fe(i)- 

Then the homogeneous Fredholm integral equation (jl4p becomes the following form 
(16) 

/(a^.y) - 7— _ _\\ / ‘fjix)'ipk{y)(Pj{s)-^k{t)dfii{s)dn 2 it) = 0. 

^)\Ok ^)Ja Jc 

However, using the property of Fredholm integral equations with a degenerate 
kernel, we obtain 

7-TTTT-TT = J e {!> ■•■>■«}, fc G {l,...,m}, XGaess{Ti+T 2 ). 

[aj - \)(bk - X) 

It means that 

Qjbk = {ttj - X){bk - A), Ag{0} U {ai} U {h}, 
i.e. the integral equation (1161) has nontrivial solution if and only if 


A — T ^feG{0} U {ui} U {&z}. 


Set 


A = {A : A = Oj+6feG{0,ai,...,a„,6i,...,6m}, j = l,n, fc=l,m}. 

Therefore according to theorem 15.51 we obtain UdisciTi +T 2 ) = IX and theorem 
14.61 implies 

(17) fT(Ti+T 2 ) = {A:A = a + 6, a G o-(Ti), 6 G ^(Ts)}. 

It should be noted, the equality (II3 was proved for the PIO T in Lp,p > 1 with 
more general kernels ki{x,s,y) = ki(x,s), k 2 (x,t,y) = k 2 {t,y) in the paper |18) . 

Ell- 


Remark 5.8. It is known, that the discrete spectrum adisc{K) for each self-adjoint 
Fredholm integral operator K with a degenerate kernel is finite (since crdisc{K) is 
the set of all eigenvalues of K different from zero). The following question is arisen: 
Does this property hold for the PIO T = Ti -\- T 2 with a degenerate kernels (3) and 
(4) This question is still an open problem. 
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